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HOLOMORPHIC JETS IN SYMPLECTIC MANIFOLDS
KAI ZEHMISCH
Abstract. We define pointwise partial differential relations for holomorphic
discs. Given a relative homotopy class, a relation, and a generic almost com-
plex structure we provide the moduli space of discs that have an injective point
with the structure of a smooth manifold. Applications to the local behaviour
are given and an inequality for the number of singularities is derived. More-
over, we show that for a coordinate class of a monotone Lagrangian split torus
generically the number of non-immersed holomorphic discs is even.
1. Introduction
Holomorphic curves are an important tool of symplectic topology. Many ap-
plications to the geometry of contact or symplectic manifolds require pointwise
intersection conditions that include finitely many derivatives. We will give a sys-
tematic introduction to the theory of higher order intersection problems. As it
turns out the main difficulties appear in the study of intersection problems that
involve points on the boundary of holomorphic discs. To resolve these is the goal
of this article.
We consider holomorphic curves C in a symplectic manifold (M,ω) with respect
to a compatible almost complex structure J . The boundary ∂C is contained in
a maximally totally real (e.g. Lagrangian) submanifold L. We assume C to be
parametrized by a smooth map u : (Σ,Γ) → (M,L) that is defined on a Riemann
surface Σ with boundary Γ. The map u is required to be holomorphic meaning
that u is a solution of J(u) ◦ Tu = Tu ◦ i, where i denotes the complex structure
on the Riemann surface Σ, see [11].
Locally holomorphic curves u : C→M exist and the partial derivatives
∂xu(0), . . . , ∂
r
xu(0)
in x-direction with respect to conformal coordinates z = x+ iy can take any given
value up to order r = 0, 1, 2 . . ., cf. [22], resp., Proposition 2.1. We will prove the
corresponding statement for local holomorphic curves u : (H,R)→ (M,L) that are
defined on the closed upper half-plane in Proposition 2.3 below. Because u is a
homogeneous solution of the non-linear Cauchy-Riemann equation ux+J(u)uy = 0
the partial derivatives in x-direction determine the r-th Taylor polynomial (which
includes derivatives in y-direction as well) uniquely at 0 ∈ C.
We call an equivalence class of germs of holomorphic maps u : (C, 0) → (M,p),
resp., u : (H,R, 0)→ (M,L, p), that have the same partial derivatives in x-direction
up to order r a holomorphic r-jet on (Σ,Γ)×(M,L). Identifying neighbourhoods
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of 0 ∈ C with neighbourhoods of z ∈ Σ, resp., neighbourhoods of 0 ∈ H with neigh-
bourhoods of z ∈ Γ in Σ, the point 0 ≡ z is called the source of the holomorphic
r-jet. The space of all holomorphic r-jets is a locally trivial fibre bundle over the
so-called source space (Σ,Γ), see Section 2. Given interior points z1, . . . , zm0 ∈ Σ,
boundary points x1, . . . , xm1 ∈ Γ, and non-negative integers r1, . . . , rm0 , s1, . . . , sm1
we consider the product of the fibres over zk in the space of holomorphic rk-jets
for k = 1, . . . ,m0 and the fibres over xℓ in the space of holomorphic sℓ-jets for
ℓ = 1, . . . ,m1. This product space is denoted by Π.
Let J be the space of almost complex structures compatible with ω subject to
restrictions that are described in Section 3.1. The restrictions depend on the higher
order intersection problem under consideration. Notice that the construction of Π
involves the almost complex structure J ∈ J . We call a submanifold R of Π a
holomorphic jet relation provided R is independent of the choice of J in J in
the sense of Definition 3.3 and Section 3.4. Examples are defined by higher order
tangency and intersection relations such as holomorphic curves that
• intersect a holomorphic submanifold, see [6],
• intersect a Lagrangian submanifold (or cycles therein),
• have double points or singularities, see [3, 4, 19, 23, 20, 18].
An injective point of a holomorphic map u is an immersed point z ∈ Σ such
that the preimage of u(z) under u is {z}. A holomorphic curve is called somewhere
injective if there exists an injective point on each connected component. In Section
3 (see Theorem 3.7 and 4.4) we will prove that the moduli space of somewhere
injective holomorphic curves which represent a given homology class and jets in
R (see Section 3.5 and 3.6 for the definition) is a manifold provided the almost
complex structure is chosen generically.
Theorem. Let R be a holomorphic jet relation that is closed as a subset of Π. Then
there exists a subset Jgen ⊂ J of second Baire category such that for all J ∈ Jgen
the following holds: The moduli space of somewhere injective J-holomorphic maps
(Σ,Γ)→ (M,L) that represent a class A ∈ H2(M,L) such that the J-holomorphic
jets of orders t := (r1, . . . , rm0 , s1, . . . , sm1) with sources z1, . . . , zm0 , x1, . . . , xm1
(considered as a vector) take values in R is a smooth manifold. The dimension
equals
µ(A) + n
(
χ(Σ)− ‖t‖
)
+ (1− n)‖m‖+ dimR,
where µ(A) is the Maslov number of A, n half the dimension of M , χ(Σ) the Euler
characteristic of Σ, ‖t‖ := 2(r1+ . . .+rm0)+s1+ . . .+sm1 , and ‖m‖ := 2m0+m1.
As an application we study the local behaviour of holomorphic discs for generic
almost complex structures. Recall, that a holomorphic disc is called simple pro-
vided the set of injective points is dense. A holomorphic disc is simple along the
boundary provided the set of injective points on the boundary ∂D is dense in ∂D,
see [26]. For simple holomorphic discs [26, Corollary 8.5] gives an alternative char-
acterization. Namely, a simple holomorphic disc u is simple along the boundary if
and only if the set of injective points of u|∂D is dense in ∂D.
In view of the work of Lazzarini [14, 15] and McDuff-Salamon [17] the most
important difference to the local behaviour of holomorphic spheres is that the local
covering number need not to be constant along a holomorphic disc. In particular,
a somewhere injective holomorphic disc is not simple in general. But in the case
the almost complex structure is chosen generically we will prove in Section 4.1 that
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a somewhere injective holomorphic disc has a dense set of injective points in the
interior and on the boundary, i.e., is simple and simple along the boundary. In fact,
the set of non-injective points is finite if n ≥ 3. Further, in Section 4.2 we extend
Lazzarini’s theorem [15, Theorem B], which says that generically any non-constant
holomorphic disc is simple or multiply covered, to the remaining dimension 4.
In Section 4.4 and 4.5 we estimate the number of double points and singularities
(counted with multiplicity) in terms of topological data. In Section 4.6 we give
an example how to define Gromov-Witten type invariants that count discs with
singular points. In Section 4.7 we discuss the generic existence of immersed and
embedded holomorphic curves.
2. Generalized holomorphic tangencies
2.1. Definition. Let Σ be a Riemann surface and (M,J) a 2n-dimensional almost
complex manifold. We consider holomorphic maps u : Σ→ (M,J). A local repre-
sentation with source z ∈ Σ and target u(z) ∈M consists of a conformal chart
(U, k) with k(z) = 0 and a chart (V, h) with h
(
u(z)
)
= 0. We can assume that
(h∗J)u(z) = i, where i denotes the standard complex multiplication of C
n. Usually
we will suppress the localization in the notation. Therefore, the Cauchy-Riemann
equation gets
ux + J(u)uy = 0
with respect to conformal coordinates z = x+ iy.
Let r = 0, 1, 2, . . . be a non-negative integer. We call two germs of holomorphic
maps u, v r-equivalent at z ∈ Σ if u(z) = v(z) and if in a local representation the
partial derivatives in x-direction at 0 coincide up to order r, i.e., if
∂ℓxu(0) = ∂
ℓ
xv(0)
for all ℓ = 1, . . . , r. With the knowledge of ∂xu(0), . . . , ∂
r
xu(0) one can reconstruct
the r-th Taylor polynomial at 0 by taking partial derivatives of the Cauchy-Riemann
equation
uy = J(u)ux
as follows:
uxy = J(u)uxx +
(
DJ(u) · ux
)
ux
uyy = J(u)uxy +
(
DJ(u) · uy
)
ux
...
Therefore, all partial derivatives of u and v up to order r coincide at 0. By the
chain rule this implies independence of the chosen local representation which we
used in the definition. Therefore, the equivalence relation is well defined. The r-
equivalence class jrzu is called the holomorphic r-jet. We denote the space of all
r-jets by
(Σ×M)rJ ≡ Jet
r .
2.2. A representation. For a small open neighbourhood V of 0 ∈ R2n the space
of holomorphic jets from C to (V, J) can be identified with
(C× V )rJ ≡ C× V × (R
2n)r
as we will prove in the following proposition.
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Proposition 2.1. Let J be an almost complex structure on R2n with J(0) = i.
There exists an open neighbourhood V of 0 ∈ R2n such that for all (z0, a0) ∈ C×V
and a1, . . . , ar ∈ R2n there exists a germ of holomorphic maps u : C → (R2n, J)
with source z0 and target u(z0) = a0 satisfying
∂xu(z0) = a1, . . . , ∂
r
xu(z0) = ar.
Proof. Translations in C are conformal so that it is enough to prove the proposition
for z0 = 0. Let p > 2 such that the elliptic regularity theory applies to the following
argument, cf. [17]. We consider the operator
T (ξ) =
(
ξx + iξy; ξ(0), ∂xξ(0), . . . , ∂
r
xξ(0)
)
.
The domain consists of all ξ ∈ W r+1,p(D,R2n), where D is the unit disc, such that
ξ(e2πiθ) ∈ e(2r+1)πiθRn for all θ ∈ [0, 1), with Rn identified with (R × {0})n. The
target space is W r,p(D,R2n) × (R2n)r+1. By [17, Chapter C.4] the operator T is
invertible.
As on [17, p. 627] (written with Lazzarini) we consider the map
F (v) =
(
vx + J(v)vy ; v(0), ∂xv(0), . . . , ∂
r
xv(0)
)
.
The linearization at zero
DF (0) · ξ = T (ξ)
is invertible. By the inverse function theorem F is a local diffeomorphism mapping
zero inW r+1,p(D,R2n) to zero inW r,p(D,R2n)×(R2n)r+1. Therefore, the equation
F (v) = (0; a0, εa1, . . . , ε
rar) has a unique solution v for a0 ∈ R
2n close to the origin
and ε > 0 sufficiently small. The desired holomorphic germ is u = v ◦ 1/ε. 
Remark 2.2. The solution u = u(a) depends smoothly on a = (a0, a1, . . . , ar) for
all a contained in a sufficiently small neighbourhood of the origin in Rr+1 as the
local diffeomorphism F in the proof of Proposition 2.1 shows.
2.3. Differentiable structure. Consider local representations (U, k) and (V, h).
By Proposition 2.1 and Remark 2.2 the maps
(U × V )rJ −→ (kU × hV )
r
h∗J
jrzu 7−→ j
r
k(z)(h ◦ u ◦ k
−1)
define charts. Therefore, (Σ×M)rJ is a manifold of dimension 2
(
1+n(r+1)
)
. The
projection onto Σ×M is an affine fibration, cf. [8].
2.4. The case with boundary. Consider a Riemann surface Σ with boundary Γ.
The conformal atlas of Σ is enriched by boundary preserving conformal maps into
the closed upper half-plane H. We consider holomorphic maps which take values
in a maximally totally real submanifold L of (M,J) along Γ. By [17, p. 539] there
exists charts h ofM about points on L which take values in Rn along L and satisfy
h∗J = i along R
n. By a local representation such a choice of charts is understood.
Two germs u, v : (Σ,Γ) → (M,L) of holomorphic maps at x ∈ Γ define the
same holomorphic s-jet (s = 0, 1, 2, . . .) provided that u|Γ, v|Γ are s-equivalent
in the sense of jets of smooth maps. In other words, the s-tangency class jrxu is
characterized as in Section 2.1 with respect to local representations that preserve
the boundary condition. The space of all holomorphic s-jets on the boundary is
denoted by
(Γ× L)sJ ≡ Jet
s .
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Proposition 2.3. Any s-jet of a smooth map Γ→ L has a holomorphic represen-
tative. Moreover, (Γ × L)sJ is a manifold of dimension 1 + n(s + 1), and has the
structure of an affine fibration over Γ×L that is induced by the source-target map.
2.5. Holomorphic half-disc representation. In this section we will give a proof
of Proposition 2.3. Because the affine fibration structure is obtained as in [8] it suf-
fices to show that s-jets of smooth maps Γ→ L can be represented by the restric-
tion of germs of J-holomorphic maps (Σ,Γ)→ (M,L) such that the representation
depends smoothly on the data. More precisely, we consider an almost complex
structure J on R2n such that J = i on Rn. We claim that there exists an open
neighbourhood V ′ of 0 ∈ Rn such that for all (x0, a0) ∈ R×V
′ and a1, . . . , as ∈ R
n
there exists a germ of J-holomorphic maps u : (H,R)→ (R2n,Rn) at x0 satisfying
∂xu(x0) = a1, . . . , ∂
s
xu(x0) = as,
such that u depends smoothly on x0, a0, a1, . . . , as. It is enough to show this for
x0 = 0 because translations are holomorphic.
Step 1: On the unit discD ⊂ C we consider the operator u 7→ ux+iuy defined on
the space V consisting of all Cn-valued functions of Sobolev-class W s+1,p, p > 2,
subject to the boundary condition u(e2πiθ) ∈ esπiθRn, θ ∈ [0, 1). The operator
takes values in W s,p. By [17, Chapter C.4] this operator is onto and its n(s + 1)-
dimensional kernel is generated by
pℓ,b(z) =
iℓ
ℓ!2s−ℓ
b(1 + z)s−ℓ(1− z)ℓ,
b ∈ Rn, ℓ = 0, 1, . . . , s. Notice that
jℓ−11 pℓ,b = 0 and ∂
ℓ
ypℓ,b(1) = b.
Set
Vk =
{
u ∈ V
∣∣ Dαu(1) = 0 ∀|α| ≤ k − 1
}
and
Wk =
{
f ∈W s,p(D,Cn)
∣∣ Dβf(1) = 0 ∀|β| ≤ k − 2
}
for k = 0, 1, . . . , s. Due to the pointwise constraints and the boundary condition
the operator
Sk : Vk −→ Wk × Rn
u 7−→
(
ux + iuy, ∂
k
yu(1)
)
is well defined, onto, and its n(s − k)-dimensional kernel is generated by pℓ,b for
ℓ = k + 1, . . . , s and b ∈ Rn.
Step 2: Let Ω be a domain in H obtained by smoothing the corners of the
unit half-disc such that ∂Ω ∩ R is an interval I which contains 0. Let ϕ be a
conformal diffeomorphism (Ω, 0)→ (D, 1) up to the boundary. Let VΩ be the space
of all Cn-valued functions of Sobolev-class W s+1,p on Ω subject to the boundary
condition
u(z) ∈ es
i
2 argϕ(z)R
n,
z ∈ ∂Ω, where the argument is normalized by arg(e2πiθ) = 2πθ. Abbreviate
W s,p(Ω,Cn) by WΩ. Define
VΩ,k =
{
u ∈ VΩ
∣∣ Dαu(0) = 0 ∀|α| ≤ k − 1
}
and
WΩ,k =
{
f ∈WΩ
∣∣ Dβf(0) = 0 ∀|β| ≤ k − 2
}
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and
SΩ,k : VΩ,k −→ WΩ,k × Rn
u 7−→
(
ux + iuy, ∂
k
xu(0)
)
.
The invertible maps u 7→ u ◦ ϕ and
(f, h) 7−→
(
(ϕ1x + iϕ
1
y)f ◦ ϕ, c
kh
)
(using ϕ = ϕ1 + ϕ2 and ∂xϕ(0) = ci for a positive constant c) conjugate SΩ,k to
Sk. Therefore, SΩ,k is onto and has n(s− k)-dimensional kernel.
Step 3: Let β : C→ C be a smooth function such that β is identically 1 on the
interval I. The assignment
∂Ω ∋ z 7−→ L(z) := β(z)Rn
defines a smooth loop of totally real subspaces of Cn that splits up into real line
bundles with Maslov index s corresponding to C× . . .× C. Moreover, L(x) = Rn
for x ∈ I. Because the Maslov index of L is ns there exists a smooth function
A : C→ Gl(n,C) such that A(0) = 1 and
L(z) = A(z) es
i
2 argϕ(z)R
n
for all z ∈ ∂Ω, cf. Arnol’d’s theorem on [17, p. 554].
Consider the operator
Qˆ : VΩ −→WΩ × (R
n)s+1
mapping
u 7−→
(
ux + iuy; u(0), ∂x(Au)(0), . . . , ∂
s
x(Au)(0)
)
.
Observe that ∂x(Au)(0) = Ax(0)u(0)+ ux(0) for example. In order to show surjec-
tivity of Qˆ let f ∈WΩ and b0, b1, . . . , bs ∈ Rn be arbitrarily given. Because SΩ,0 is
onto we find v0 ∈ VΩ such that v0x + iv
0
y = f and v
0(0) = b0. Assume that v
ℓ ∈ VΩ
is constructed inductively such that vℓx + iv
ℓ
y = f and
vℓ(0) = b0, . . . , ∂
ℓ
x(Av
ℓ)(0) = bℓ.
Considering the operator SΩ,ℓ+1 we find a holomorphic q ∈ VΩ,ℓ+1 such that
∂ℓ+1x q(0) = bℓ+1 − ∂
ℓ+1
x (Av
ℓ)(0).
Set vℓ+1 = vℓ + q and observe that vℓ+1x + iv
ℓ+1
y = f and
vℓ+1(0) = b0, . . . , ∂
ℓ+1
x (Av
ℓ+1)(0) = bℓ+1.
Therefore, u = vs is a solution of Qˆ(u) =
(
f ; b0, . . . , bs
)
, i.e., Qˆ is onto.
Step 4: We show that Qˆ has trivial kernel. Consider u ∈ ker Qˆ. If u is not
constant so is at least one of the coordinate functions uj ∈ C. By [9, Lemma 9.5]
the sum of the orders of the zeros of uj on the boundary plus twice the orders of
zeros of uj at the interior equals the Maslov index s. But uj vanishes at least to
the (s+ 1)-st order at zero. This implies u = 0. Therefore, Qˆ is invertible.
Step 5: Let VL be the space of all C
n-valued functions of Sobolev-class W s+1,p
on Ω such that u(z) ∈ L(z) for all z ∈ ∂Ω. Consider the operator
T : VL −→ WΩ × (R
n)s+1
mapping
u 7−→
(
ux + iuy; u(0), ∂xu(0), . . . , ∂
s
xu(0)
)
.
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The operator
Q = (A−1 × 1) ◦ T ◦A : VΩ −→WΩ × (R
n)s+1
equals
Q(u) = Qˆ(u) +
(
A−1(Ax + iAy)u; 0 . . . , 0
)
.
The second term is a compact perturbation. Because Qˆ is invertible the operator Q
is Fredholm of index zero. Hence, T is a Fredholm operator of index zero. Because
L splits into real line bundles of Maslov index s corresponding to the complex
coordinate planes an application of [9, Lemma 9.5] as in Step 4 shows triviality of
kerT . Hence, the operator T is invertible.
Step 6: Consider the map
F : VL −→WΩ × (R
n)s+1
defined by
F (v) =
(
vx + J(v)vy ; v(0), ∂xv(0), . . . , ∂
s
xv(0)
)
.
Taking the derivative of at v = 0 proves the Proposition 2.3 similar to the last step
in the proof of Proposition 2.1. Q.E.D.
3. The universal jet space
We consider a 2n-dimensional symplectic manifold (M,ω), a compatible almost
complex structure J0 with the induced metric ω( . , J0 . ), and a maximally totally
real submanifold L.
3.1. Almost complex structures. The space J of all compatible almost com-
plex structures J is a Fre´chet manifold. The model is the space of symmetric
endomorphism fields Y on M which anti-commute with J0. The homeomorphism
Y 7−→ J0(1+ Y )(1− Y )
−1,
‖Y ‖C0 < 1, serves as a global parametrization for J . The inverse is
H : J 7−→ (J + J0)
−1(J − J0),
cf. [2, Proposition 1.1.6]. For global considerations we require in addition the almost
complex structures to coincide with J0 in the complement of a relatively compact
subset of M , the so-called perturbation domain. If for example one considers
intersection problems of holomorphic curves with J0-holomorphic or maximally to-
tally real submanifolds with respect to J0 one requires the manifolds to be contained
in the complement of the perturbation domain.
Notice that Lagrangian submanifolds stay totally real after a perturbation of the
almost complex structure J provided J is compatible (or tamed) by ω. To achieve
the same effect for maximally totally real submanifolds one restricts to perturba-
tions that are C0-close to J0. One way to formalize this is the following construction
taken from [10]: Choose a metric g on M such that J0 is orthogonal and J0 maps
each tangent space of L to its orthogonal complement. Notice that the restriction
of g(J0 . , . ) to TL vanishes. Following the arguments of Weinstein’s Lagrangian
neighbourhood theorem, see [16, Theorem 3.33], one obtains a diffeomorphism of a
neighbourhood of L onto a neighbourhood of the zero section in T ∗L such that the
pull-back ωL of the Liouville symplectic form coincides with g(J0 . , . ) on TM |L.
Notice that L is Lagrangian with respect to ωL and that ωL tames J0 in a neigh-
bourhood of L. Therefore, we require in addition all J ∈ J to be tamed by ωL on
the submanifold L.
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In order to obtain a Banach manifold of almost complex structure we restrict to a
further subset: For a sequence (εj) of positive real numbers we consider infinitesimal
almost complex structures that are finite in the Floer-norm
∞∑
j=0
εj‖Y ‖Cj .
We choose (εj) such that the resulting open subset is separable and dense in C
∞,
cf. [21]. The image under H−1 is the separable Banach manifold I of compatible
almost complex structures with the induced Floer-topology.
3.2. Definition. We consider interior points z1, . . . , zm0 on Σ and boundary points
x1, . . . , xm1 on Γ. For k = 1, . . . ,m0 let u
k : Σ → M be a germ of a smooth maps
with source zk. For ℓ = 1, . . . ,m1 let v
ℓ : Γ→ L be a germ of a smooth maps with
source xℓ, where we think of the v
ℓ to be extended to a smooth map from Σ into
M . We will assume that the points {z1, . . . , zm0} and {x1, . . . , xm1} are pairwise
distinct. Therefore, the maps u1, . . . , um0 , v1, . . . , vm1 are restrictions of a smooth
map u : (Σ,Γ) → (M,L) to a neighbourhood of the source points as indicated
by the labels. In other words, u represents a germ of maps near the closed subset
{z1, . . . , zm0 , x1, . . . , xm1} of Σ. Furthermore, about each of the points pk = u
k(zk),
resp., pm0+ℓ = v
ℓ(xℓ), we consider a germ of almost complex structures J
k ∈ J ,
k = 1, . . . ,m0, resp., J
m0+ℓ ∈ J , ℓ = 1, . . . ,m1. We remark that at equal points
pj1 = pj2 , j1 6= j2, the almost complex structures J
j1 and Jj2 may differ. This
means that the Jj ’s are not in general restrictions of a global almost complex
structure J ∈ J . But in all our applications such a global J ∈ J will exist.
In order to shorten the notation we will use the following conventions: We call
the tuple
(z,x) := (z1, . . . , zm0 , x1, . . . , xm1)
of pairwise distinct points a source. The space of all such tuples, the source
space, is denoted by S. It is a subset of
S ⊂ (Σ,Γ)m := Σm0 × Γm1 ,
where we wrote m = (m0,m1) for the number of source points. The length by
definition is ‖m‖ = 2m0 +m1. Moreover, we write
(M,L)m :=Mm0 × Lm1
so that
um := (u1, . . . , um0 , v1, . . . , vm1)
represents a germ of smooth maps from (Σ,Γ)m into (M,L)m. We call um a
multi-germ with source (z,x) ∈ S. Similarly, a multi-germ of almost complex
structures
Jm :=
(
J1, . . . , Jm0 , Jm0+1, . . . , Jm0+m1
)
with source
u(z,x) :=
(
u1(z1), . . . , u
m0(zm0), v
1(x1), . . . , v
m1(xm1)
)
=
(
p1, . . . , pm0 , pm0+1, . . . , pm0+m1
)
=: p
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is understood. Observe, that the tuple p is not required to consists of pairwise
distinct points. The space of all multi-germs of almost complex structures is denoted
by Jm.
We say that
(u, J)m := (um, Jm)
is a holomorphic multi-germ with source (z,x) provided that Jm ∈ Jm is
a multi-germ with source u(z,x) and the coordinate maps of um are germs of
holomorphic maps with source (z,x) that are holomorphic with respect to the
entries of the tuple Jm. We think of um as a smooth map u : (Σ,Γ) → (M,L),
whose restriction to disjoint neighbourhoods of the elements of the set {z,x} are
holomorphic with respect to the (local) almost complex structures as indicated by
the entries of Jm.
On the set of holomorphic multi-germs (u, J)m we define a (r, s)-tangency
relation: Consider a vector of non-negative integers
t := (r, s) := (r1, . . . , rm0 , s1, . . . , sm1).
The length is
‖t‖ := 2(r1 + . . .+ rm0) + s1 + . . .+ sm1 .
Two holomorphic multi-germs (u1, J1)
m and (u2, J2)
m with the same source (z,x)
are said to be t-equivalent provided that
• u1(z,x) = u2(z,x) =: p ,
• the (t−1)-jets of Jm1 and J
m
2 at p coincide, i.e., j
t−1
p J
m
1 = j
t−1
p J
m
2 , where
we used the notation
jt−1p J
m =
(
jr1−1p1 J
1, . . . , j
rm0−1
pm0
Jm0 , js1−1pm0+1J
m0+1, . . . , j
sm1−1
pm0+m1
Jm0+m1
)
of smooth jets, and
• jt(z,x)u1 = j
t
(z,x)u2, where we used the notation
jt(z,x)u = (j
r
zu, j
s
xu) =
(
jr1z1u, . . . , j
rm0
zm0
u, js1x1u, . . . , j
sm1
xm1
u
)
of holomorphic jets.
As in Section 2.1 one verifies that this is well defined. The t-equivalence class
of a holomorphic multi-germ (u, J)m is denoted by jt(z,x)(u, J). The notion of
a t-tangency class is use synonymously. The space of all t-equivalence classes
jt(z,x)(u, J) is denoted by
Jett .
3.3. An affine fibration. Let E be the bundle over M whose fibre at p ∈ M
consists of ωp-compatible complex structures on the tangent space TpM . Observe,
that the space of all smooth sections into E coincides with J . We denote by E(t−1)
the space of (t− 1)-jets of smooth sections into the bundle E.
Proposition 3.1. The natural map
jt(z,x)(u, J) 7−→
(
(z,x), jt−1u(z,x)J
m
)
is a locally trivial fibration
Jett −→ S × E(t−1)
with affine fibre of dimension n‖t‖.
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Proof. With help of a Hermitian trivialization and [2, Proposition 1.1.6] the fibre of
E →M is diffeomorphic to the unit ballW in the n(n+1)-dimensional vector space
of symmetric (2n× 2n)-matrices that anti-commute with i, cf. with the beginning
of Section 3.1. Hence, Er−1 is modeled on V ×W ×Rdr−1 (resp. V ′ ×W ×Rdr−1)
with
dr−1 =
(2n+ r − 1)!
(2n)!(r − 1)!
n(n+ 1),
where V ⊂ R2n (resp. V ′ ⊂ Rn) is an open subset. As in Section 2 the space of
holomorphic r-jets (for fixed J) can be described locally by U × V × R2rn (resp.
U ′ × V ′ × Rrn) for open subsets U ⊂ Σ (resp. U ′ ⊂ Γ).
We claim that the local model for Jett is
(U,U ′)m × (V, V ′)m × (R2n,Rn)t × (W × Rdr1−1)× . . .× (W × Rdsm1−1).
Considering each m-coordinate separately we represent jets of J ∈ J by local ω-
compatible almost complex structures. For this we use Taylor polynomials and a
uniform cut-off function in the model space H(J ) of J . Represent a holomorphic
jet by a germ of holomorphic maps as in Section 2 with respect to the constructed
local J ’s. Notice that a smooth variation of jets of J ∈ J is followed by a smooth
variation of local J ’s. Moreover, a smooth variation of a = (a0, a1, . . . , ar) induces
a smooth variation of local holomorphic maps: We define
F(b, v, J) =
(
vx + J(v)vy ; v(0)− b0, ∂xv(0)− b1, . . . , ∂
r
xv(0)− br
)
.
In view of Proposition 2.1 and 2.3 the partial derivative
∂F
∂v
(b, 0, J) · ξ = T (ξ)
is invertible. By the implicit function theorem there exists a local smooth map
v = v(b, J) such that
F
(
b, v(b, J), J
)
= 0.
The local map
u
(
a0, a1, . . . , ar, J
)
(z) = v
(
a0, εa1, . . . , ε
rar, J
)
(z/ε)
is J-holomorphic with jr0u = a and varies smoothly with the data (including the
variation given by translations of the source z0 (resp. x0)).
The argument requires J(0) = i (resp. J = i on Rn) for J ∈ J (V ) and open sub-
sets V ⊂ R2n ≡M . In order to achieve this we take a symplectic Darboux chart in
the interior case. Along the boundary we use a Weinstein chart that is constructed
as follows: By Weinstein’s neighbourhood theorem there exists a local symplectic
embedding (T ∗L,OT∗L)→ (M,L). If L is not Lagrangian with respect to ω we use
the symplectic form ωL constructed in Section 3.1. Consider a local parametrization
Rn → L of L, which induces a symplectic embedding (T ∗Rn,Rn) → (T ∗L,OT∗L)
in a natural way. The inverse of the composition (T ∗Rn,Rn) → (M,L) restricted
to the image is the desired Weinstein chart.
Set
ϕJ (x,y) = x
j∂xj + y
jJ(x,y)∂xj .
Because J is compatible with (resp. tamed by) dx ∧ dy and the ∂xj ’s span the
Lagrangian Rn about 0 (resp. on Rn) the vector fields ∂xj , J(x,y)∂xj , j = 1, . . . , n,
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form a basis near the origin. The differential is (i, J)-complex and invertible at 0
(resp. on Rn). Transforming the position and the almost complex structures via
(x,y, J) 7→
(
ϕJ(x,y), (ϕJ )∗J
)
allows the use of the map F . This shows smoothness of the transition function
which are affine, see [8]. 
Remark 3.2. The proof yields a description of a tangent vector of Jett at a point
jt(z,x)(u, J). Let Y be a local infinitesimal almost complex structure in TJJ and
ξ a variation of local holomorphic maps. That is, ξ is a local vector field along u
such that (v,w) ∈ T(z,x)S, ξ˜m = ξm +Dum · (v,w), and Y˜ = Y +DJ(u) · ξ˜ solve
ξ˜x + J(u)ξ˜y + Y˜ (u)uy = 0.
Hence, a tangent vector can be represented by the (in the sense of the above equa-
tion) holomorphic t-equivalence class jt(v,w)(ξ˜, Y ) of a multi-germ (ξ˜, Y )
m with
source (v,w), where the t-equivalence relation is understood analogously to the
case of holomorphic multi-germs (u, J)m.
3.4. Universal relations. Denote by
(
(Σ,Γ)× (M,L)
)(t)
the smooth t-jet space
of maps (Σ,Γ) → (M,L). The jets with sources in Γ are computed via relative
charts. Because the r-th Taylor polynomial of a J-holomorphic map is completely
determined by the holomorphic r-jet and the (r− 1)-jet of J there is a well defined
map
jt(z,x)(u, J) 7−→
(
jt(z,x)u, j
t−1
u(z,x)J
m
)
.
Because of the local description given in the proof of Proposition 3.1 and Remark
3.2 this map is an embedding
N : Jett −→
(
(Σ,Γ)× (M,L)
)(t)
× E(t−1),
whose projection to the second factor is a surjective submersion.
Definition 3.3. A submanifold R of Jett is called a higher order intersection
relation if the image under the natural map N is a product manifold with second
factor equal to E(t−1). A relation R is called source-free if in all local fibre charts
(as obtained in the proof of Proposition 3.1) R is a product manifold with first
factor equal to (U,U ′)m.
In other words, a submanifold R of Jett is a higher order intersection relation
provided the definition of R is J-independent. Because the first factor in a local
description of Jett corresponds to the source space S a relation R is source-free if
it does not put restrictions on the marked points. For example a relation that fixes
the marked points is never source-free.
With the previous discussion we obtain:
Proposition 3.4. Let R be a higher order intersection relation. The intersection
R of R with any fibre over E(t−1) is a submanifold and the codimension of R is
‖m‖+ n(‖m‖+ ‖t‖)− dimR.
The intersection R of a source-free relation R with any fibre over S × E(t−1) is a
submanifold and the codimension of R is
n(‖m‖+ ‖t‖)− dimR.
12 KAI ZEHMISCH
3.5. Universal moduli space. Let Σ be a Riemann surface which is either closed
or compact with boundary Γ. Let R be a higher order intersection relation of order
t and let A be a relative 2-homology class in (M,L). The universal moduli space
U by definition is the set of all tuples (u, J, z,x), where (z,x) ∈ S are marked points,
J ∈ I is an almost complex structure as in Section 3.1, and u is a J-holomorphic
map (Σ,Γ)→ (M,L) that represents the class A, such that
• jt(z,x)(u, J) ∈ R,
• u is simple (i.e., the open set of injective points is dense) and simple
along the boundary (i.e., the open set of injective points of u|Γ is dense
in Γ), see [26, Corollary 8.5],
• u(Σ) is contained in the perturbation domain, see Section 3.1.
Proposition 3.5. The universal moduli space U is a separable Banach manifold.
Proof. The universal moduli space for the empty relation U∅ (i.e., m = (0, 0)) is a
separable Banach manifold, see [17, Chapter 3]. In the presence of a relation R we
consider the jet extension map
(u, J, z,x) 7−→ jt(z,x)(u, J).
The preimage of R under
jt : U∅ × S −→ Jet
t
equals U . We consider a tangent vector of Jett at jt(z,x)(u, J) that is transverse toR.
By J-independence of R we are free to assume that the tangent vector is taken with
respect to the trivial infinitesimal almost complex structure, see Remark 3.2. This
means that for (v,w) ∈ T(z,x)S and a local holomorphic section ξ of (u
∗TM, u∗TL)
near {z,x} the tangent vector is given by
jt(v,w)(ξ˜, 0).
The holomorphic curve u has the annulus property (see [26, Theorem 1.1]) and the
half-annulus property, see [26, Theorem 1.3 and Corollary 9.5]. Therefore, as on
[17, p. 63] ξ extends to a smooth global section ξ such that (ξ, Y ) is tangent to
U∅ for an infinitesimal almost complex structure Y ∈ I, see [17, Exercise 3.4.5] or
[24, Lemma 4.45]. Because the universal t-jet space has finite dimension the t-jet
extension map is transverse to R. The claim follows with [13, Section II.2]. 
Remark 3.6. If Γ = ∅, Proposition 3.5 follows from [6, Lemmata 6.5, 6.6] and [17,
Chapter 3]. Moreover, it is enough to require the holomorphic curves to intersect
the perturbation domain non-trivially. If Γ 6= ∅ and ‖t‖ = 0, Proposition 3.5 follows
with [17, Chapter 3]. In that case the assumptions can be relaxed: Each connected
component of Σ has an injective point of u which is mapped to the perturbation
domain. The reader is referred to Appendix A.
3.6. Generic perturbation. By the argument in Section 3.5 the universal moduli
space U is a submanifold in U∅ × S with co-dimension given by Proposition 3.4.
Moreover, the projection U∅ → I is a smooth Fredholm map of index µ(A)+nχ(Σ),
where µ denotes the Maslov index and χ the Euler characteristic, see [17, Chapter
3 and Appendix C]. Therefore, the induced map U ⊂ U∅ × S → I is Fredholm
of index µ(A) + nχ(Σ) + ‖m‖ − codimR. By the Sard-Smale theorem the set of
regular values is of second Baire category in I so that by the implicit function
theorem the preimage UJ of a regular value J ∈ I is a manifold of dimension given
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by the index, cf. [17, Appendix A]. We call UJ the R-moduli space and write U∅,J
in the case of the empty relation. Notice that J is a regular value if J is regular
in the sense of [17, Definition 3.1.4], i.e., the linearized Cauchy-Riemann operator
at u ∈ U∅,J is transverse to the zero-section for all u ∈ U∅,J , and the jet extension
map jt : U∅,J × S → Jet
t is transverse to R. We call J R-regular or generic.
Theorem 3.7. The set of all R-regular almost complex structures is of second Baire
category in I (and therefore dense in J ). For all R-regular J ∈ I the R-moduli
space is a manifold of dimension
µ(A) + n
(
χ(Σ)− ‖m‖ − ‖t‖
)
+ dimR.
If R is source-free the dimension is
µ(A) + n
(
χ(Σ)− ‖t‖
)
+ (1− n)‖m‖+ dimR.
After an additional perturbation of J ∈ I smoothness of R-moduli spaces holds
for holomorphic maps that have an injective point on each connected component
of Σ, see Theorem 4.4 below. Moreover, Theorem 4.4 will allow us to work with
the C∞-topology.
4. Enumerative relations
We assume the dimension of M to be greater or equal than 4.
4.1. A priori perturbation and local behaviour. We consider holomorphic
curves u such that on each connected component there exists an injective point
which is mapped into the perturbation domain under u. By Remark 3.6 and [17,
Chapter 3] (cf. Appendix A) the following moduli problem can be assumed to be
transverse for a generic choice of J ∈ J :
• [u] = A,
• u has n0 interior, n1 boundary, and ℓ mixed double points, i.e., u is subject
to the intersection relation
(
∆M
)n0 ×
(
{(p, q) ∈M × L | p = q}
)ℓ
×
(
∆L
)n1
of order ‖t‖ = 0 and length ‖m‖ = (2n0 + ℓ, 2n1 + ℓ).
Because ‖t‖ = 0 in the present situation we can indeed work with J instead of I
regardless whether the boundary of Γ is empty or not.
Taking the dimension formula into account this leads to the following bound on
the number of self-intersections (cf. with [5, 15] for similar considerations):
(n− 2)‖(n0, n1)‖+ (2n− 3)ℓ ≤ µ(A) + nχ(Σ).
Therefore, u has finitely many double points provided n ≥ 3. In particular, u is
simple and simple along the boundary. For n = 2 there are finitely many mixed
double points. With the results in [14, 15] the bound on the number of mixed
intersection points implies that u is simple. For an alternative argument for this
we refer to Remark 4.2 below. However, an even stronger result holds true. In
addition, u is simple along the boundary:
Corollary 4.1. There exists a subset J∞ of second Baire category in J such that
for all J ∈ J∞ any somewhere injective J-holomorphic curve is simple and simple
along the boundary.
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Proof. J∞ is the intersection of sets of second category, where the intersection
is taken over all relative homology 2-classes A in (M,L) (which is known to be
countable) and all intersection relations as above counted by n0, n1, and ℓ. This
proves the corollary in dimension 2n ≥ 6.
For 2n = 4 it suffices to establish simplicity along the boundary. We consider
the following moduli problem taking Remark 3.6 into account: Let N be a natural
number. Let PN be a partition of Γ into N segments (i.e., connected open subsets)
of equal length. We equip each segment S ∈ PN with pairwise distinct points
y1, . . . , yN ∈ S. The holomorphic curves u are assumed to be somewhere injective.
We require
• [u] = A,
• there are pairwise distinct points x1, . . . , xN ∈ Γ each different from the
yj ’s such that u(xj) = u(yj) for all j = 1, . . . , N .
Let J∞ be the intersection of all regular values in J taken over all A and N
corresponding to the moduli problems. Hence, the moduli spaces {(u, x1, . . . , xN )}
are cut out transversely for J ∈ J∞ and are of dimension µ(A) + 2χ(Σ)−N .
Arguing by contradiction we suppose that u is a somewhere injective holomorphic
curve which is not simple along the boundary. By [26, Proposition 9.3] there exists
a diffeomorphism ϕ : S1 → S2 between two disjoint segments of Γ such that u(x) =
u
(
ϕ(x)
)
for all x ∈ S1. Let N > µ([u]) + 2χ(Σ) be a natural number such that the
length of a segment in PN is smaller than 1/2 times the length of S2. Let S ∈ PN
be a segment which is contained in S2. In particular, with xj := ϕ
−1(yj) we obtain
u(xj) = u(yj) for all j = 1, . . . , N . Therefore, (u, x1, . . . , xN ) is an element of one
of the above moduli spaces which has a negative dimension. This contradiction
proves the claim. 
Remark 4.2. A similar argument shows simplicity of u. Replace PN by a covering
of open balls of radius 1/N each equipped with N distinct points. Simplicity fails
if there is a diffeomorphism ϕ : U1 → U2 between two open disjoint subsets of
Σ such that u(z) = u
(
ϕ(z)
)
for all z ∈ U1, see [26, Proposition 2.7]. Choose
N > 12 (µ([u]) + 2χ(Σ)) such that there is a ball in PN which is a subset of U2.
For reasons of beauty we give one more argument. Because generically there are
finitely many mixed double points the weak and the strong variant of simplicity
along the boundary considered in [26] are the same, see [26, Corollary 8.5]. By [26,
Proposition 6.4] any holomorphic curve that is strongly simple along the boundary
is in fact simple. The argument in the proof of Corollary 4.1, which shows weak
simplicity along the boundary, suffices to show simplicity.
4.2. Generic multiply covered discs. A non-constant holomorphic disc u (i.e.,
Σ = D ⊂ C provided with the complex structure induced by i) is called multi-
ply covered if there exist a simple holomorphic disc v and a holomorphic map
π : (D, ∂D)→ (D, ∂D) such that u = v ◦ π, where π is required to be of degree ≥ 2,
continuous up to the boundary, and to satisfy π−1(∂D) = ∂D. In [15, Theorem B]
Lazzarini proved the remarkable fact that generically all non-constant holomorphic
discs attached to L are simple or multiply covered provided dimM ≥ 6. We drop
the restriction to the dimension.
Corollary 4.3. For generic J ∈ J each non-constant holomorphic discs which is
contained in the perturbation domain is simple or multiply covered.
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Proof. Lazzarini’s proof of [15, Theorem B] is based on his decomposition theorem
[15, Theorem A]. Each non-constant holomorphic disc u can be cut along an em-
bedded graph in D into finitely many simple holomorphic discs whose union has
the same image as u and whose homology classes weighted with positive multiples
add up to [u]. On [15, p. 254/5] he shows that the graph equals ∂D using ([15,
Proposition 5.15], which can replaced by) the following two results:
• Let v be a simple holomorphic disc. Then there exists no diffeomorphism
ϕ : S1 → S2 between two disjoint open segments on ∂D such that v = v ◦ϕ.
• Let v1 and v2 be simple holomorphic discs such that v1(D) 6⊂ v2(D) and
v2(D) 6⊂ v1(D). Then there exists no diffeomorphism ϕ : S1 → S2 between
two disjoint open segments on ∂D such that v1 = v2 ◦ ϕ.
Notice that v1, v2 define a somewhere injective holomorphic map on D ⊔ D in the
sense that each connected component has an injective point. An application of
the argument from Corollary 4.1 proves both items. This establishes Lazzarini’s
theorem for dimM = 4. 
4.3. Addendum. Using Corollary 4.1 we can generalize Theorem 3.7 to somewhere
injective holomorphic curves. In view of Remark 3.6 additional arguments are only
required in the case where the relation puts conditions on the holomorphic jets of
order greater or equal than 1 along the boundary. In addition, Corollary 4.1 allows
us to replace I by J :
Theorem 4.4. Let R be a higher order jet relation of order t. Then there exists a
subset Jgen of second Baire category in J such that for all J ∈ Jgen the conclusion
of the Theorem 3.7 holds for somewhere injective J-holomorphic curves that are
contained in the perturbation domain.
Proof. Theorem 3.7 provides a subset of R-regular almost complex structures of
I that is of second Baire category in I and, therefore, dense in J . Moreover,
Corollary 4.1 can be obtain in the weaker form using I instead of J . This means
that there exists a subset of I of second Baire category such that all corresponding
somewhere injective holomorphic curves are simple and simple along the boundary.
Taking the intersection of both second Baire category sets, which is dense in J ,
Theorem 4.4 follows with respect to the Floer-topology I.
The stronger formulation of the theorem, which allows to work with the C∞-
topology, follows with the Taubes trick (see [17, p. 52-53] and [24, Lemma 4.50]) as
it was pointed out to the author by the referee: In view of the assumptions of the
theorem the universal moduli space U is understood to refer to holomorphic curves
that are somewhere injective (not only simple and simple along the boundary).
Similarly, we proceed with the moduli spaces UJ .
Consider a sequence of compact subsets Kν of M such that Kν ⊂ IntKν+1
and M =
⋃
ν∈NKν . Let U
ν
J be the subset of J-holomorphic curves (u, z,x) ∈ UJ
satisfying the following conditions:
• The image u(Σ) is contained in Kν .
• supΣ |Tu| ≤ ν.
• On any connected component of Σ there exists a point z0 such that
inf
z 6=z0
dist
(
u(z), u(z0)
)
dist(z, z0)
≥
1
ν
.
• The distance of (z,x) to (Σ× Γ)m \ S is greater or equal to 1/ν.
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• For a suitable metric on Jett the distance of jt(z,x)(u, J) to the boundary
of R is greater or equal to 1/ν.
Define Jν to be the set of almost complex structures J ∈ J that are R-regular
for all holomorphic curves in UνJ . As explained in the first part of the proof Jν is
dense in J . Because the set UνJ is compact the set Jν is open as well. Let Jgen be
the intersection
⋂
ν∈N Jν , which is of second Baire category in J . This implies the
theorem because the union
⋃
ν∈N U
ν
J equals UJ . 
4.4. Uniform bounds on self-intersection points. The group of conformal
automorphisms G of (Σ,Γ) acts on the R-moduli space for any source-free relation
R by
g · (u, z,x) =
(
u ◦ g−1, g(z), g(x)
)
.
The quotient
MR = UJ/G
is a smooth manifold provided the action is free. The dimension equals
µ(A) + n
(
χ(Σ)− ‖t‖
)
+ (1 − n)‖m‖+ dimR− d,
where d is the dimension of G. We only will consider the case where the action is
free. Moreover, we do not consider variations of complex structures on the surface
Σ as in [23]; but we remark that an adaptation of the method of the present work
is done by minor changes.
A consequence of the discussion in Section 4.1 is:
Corollary 4.5. For a generic choice of J ∈ J and all J-holomorphic curves u
which have an injective point on each connected component of Σ which are mapped
into the perturbation domain by u we have:
(n− 2)‖(n0, n1)‖+ (2n− 3)ℓ ≤ µ([u]) + nχ(Σ)− d.
Here n0 (resp. n1, ℓ) is the number of interior (resp. boundary, mixed) double
points.
In particular, if the Maslov index vanishes and n ≥ 3 generically somewhere
injective holomorphic disc-maps are injective.
4.5. Singularities. A non-constant holomorphic map u has a singularity of or-
der k at z if jkzu = 0 and D
k+1u(z) 6= 0. By Carleman’s similarity principle (cf.
[12, Chapter A.6] and [1, Theorem A.2]) k is the greatest natural number such that
all partial derivatives of u at z vanish up to order k.
For a generic choice of compatible almost complex structure the moduli space
of unparametrized somewhere injective (in the sense of Remark 3.6) holomorphic
curves with vanishing derivatives at m points up to order k has dimension
µ(A) + n
(
χ(Σ)− ‖k‖
)
+ ‖m‖ − d.
As in Corollary 4.5 we obtain, cf. [23, Corollary 3.17] and [19, 18]:
Corollary 4.6. For generic J ∈ J and all somewhere injective J-holomorphic
curves u that are contained in the perturbation domain we have:
n‖k‖ − ‖m‖ ≤ µ([u]) + nχ(Σ)− d.
Here k is the order of singularities of u at m points.
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For example, generically, all somewhere injective holomorphic discs with Maslov
index less or equal than 1 are immersed.
Remark 4.7. The map (u, z,x) 7→ u which is defined on the moduli space of
curves as in Corollary 4.6 is an immersion into the moduli space of unconstrained
curves. This is because the kernel of the linearization (ξ,v,w) 7→ ξ is given by all
(v,w) ∈ TS satisfying jk(z,x)Tu(v,w) = 0.
4.6. Example. Consider a rational split Lagrangian submanifold L = S1 × L′
in R2 × R2n−2 with area spectrum πZ. For generic compatible almost complex
structures J which equal i outside a large ball B we consider holomorphic discs
representing the class [D × {∗}], which are simple, see [14, 15]. By Corollary 4.6
there is at most one singularity on each disc, which is simple and lies on the bound-
ary. Indeed, the right hand side of the inequality in Corollary 4.6 equals n − 1.
Because ‖m‖ ≤ ‖k‖ this implies that ‖m‖ ≤ 1. Hence, ‖k‖ ≤ 1 too. Therefore, the
zero-dimensional moduli space of discs with a simple boundary singularityM∂-sing
embeds via [u, x1] 7→ [u] into the moduli space of all discs M. By Gromov com-
pactness M is compact, see [7, 11]. Therefore, there are finitely many discs with
singularities.
The number is even. To prove this consider a generic path J(t) of almost complex
structures that connects i with J and that are equal to i outside B. Let W∂-sing be
the moduli space of unparametrized holomorphic discs with a boundary singularity
that are holomorphic with respect to one of the J(t)’s. With [17, p. 43], the
regularity arguments of the present work, and Gromov compactness [7, 11]W∂-sing is
a 1-dimensional cobordism. Because all i-holomorphic discs in the class [D×{∗}] are
embedded we obtain with the argument from [17, Remark 3.2.8] that the boundary
of W∂-sing equals M∂-sing. The number of boundary components is even.
4.7. Embeddings. We consider somewhere injective holomorphic curves contained
in the perturbation domain that represent a homology class A (and assume that
the biholomorphic reparametrisation group acts freely on the moduli spaces under
consideration). Generically, the corresponding moduli space M is a manifold of
dimension µ(A)+nχ(Σ)−d. We can assume that the moduli spaces of curves which
additionally have a singularity in the interior or on the boundary are manifolds of
dimension
• dimMsing = dimM+ 2(1− n)
• dimM∂-sing = dimM + 1− n
these with interior, mixed, and boundary double points are manifolds of dimension
• dimMinter = dimM + 2(2− n)
• dimMmix = dimM+ 3− 2n
• dimM∂-inter = dimM+ 2− n
and that the moduli space of curves that intersect L in an interior point is a manifold
of dimension
• dimML = dimM+ 2− n.
Each of the above moduli spaces admits a smooth map intoM induced by forgetting
the marked points. The complement of the images is the subset of perfectly
embedded curves. By Sard’s theorem the union of the critical values has measure
zero. Because the closure of the images of the moduli spaces subject to a pure
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intersection relation is contained in the union with the images ofMsing andM∂-sing
we obtain:
Corollary 4.8. Generically, the set of all perfectly embedded holomorphic curves
in M is open and dense provided dimM ≥ 6.
An immersed holomorphic curve is called clean if there is no mixed double point
and all double points and all interior intersections with L are simple and transverse.
With similar arguments we get:
Corollary 4.9. If dimM = 4 the set of all clean immersions in M generically is
open and dense.
Appendix A. Local perturbations
As stated in Remark 3.6 the requirements on the perturbation domain (in order
to provide the moduli space of holomorphic maps subject to pointwise constraints
with a smooth structure) can be weakened. Consider the cases:
• The holomorphic maps are simple, defined on a closed Riemann surface,
and the image of each connected component intersects the perturbation
domain non-trivially. The intersection relation is allowed to be of higher
order.
• The domain Σ is allowed to have non-empty boundary Γ, the intersection
relation is required to be of order ‖t‖ = 0, and on each connected com-
ponent there exists an injective point for the holomorphic map u that is
mapped by u into the perturbation domain, see Section 3.1. It can be as-
sumed that the distinguished injective points are contained in Σ \ {z,x}
because the set of injective points is open.
Theorem A.1. There exists a subset Jgen of second Baire category in J such that
for all J ∈ Jgen the conclusion of the Theorem 3.7 holds for J-holomorphic curves
as described.
Proof. We claim that the corresponding universal moduli space U is a separable
Banach manifold. As in the proof of Proposition 3.5 we consider a tangent vector
jt(v,w)(ξ˜1, 0)
represented by a local holomorphic section ξ1 of (u
∗TM, u∗TL) near {z,x}. It can
be assumed that ξ1 is extended to a global smooth section. We will construct a
further smooth section ξ2 and an infinitesimal almost complex structure Y ∈ TJI
such that (ξ, Y ) with ξ = ξ1 + ξ2 is tangent to U∅ and
jt(v,w)(ξ˜, Y ) = j
t
(v,w)(ξ˜1, 0).
This will show that the t-jet extension map is transverse to R because the universal
t-jet space is finite-dimensional. That U is a separable Banach manifold follows then
with [13, Section II.2].
We construct the pair (ξ2, Y ). Denote by ∇ the Levi-Civita connection of the
metric 〈 . , . 〉 = ω( . , J . ). Consider the linearized Cauchy-Riemann operator
Duξ = ∇ξ + J(u)∇ξ ◦ i +∇ξJ(u)Tu ◦ i,
which maps smooth sections ξ of (u∗TM, u∗TL) into smooth J-antilinear 1-forms
on Σ with values in u∗TM , cf. [24]. Set
η1 := −Duξ1
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and observe that η1 vanishes in a neighbourhood of {z,x}. We claim that for
k = max{t} there exists (ξ2, Y ) such that
• ξ2 vanishes at least to the kth order on the marked points {z,x},
• Y ∈ TJI has support in the complement of u(z,x), and
• Duξ2 = η1 − Y (u)Tu ◦ i.
Any solution (ξ2, Y ) of the problem has the required properties. Therefore, in order
to provide U with the desired smooth structure it suffices to solve the problem.
If k = 0 this is the content of the proof of [17, Lemma 3.4.3]. Otherwise, if
k ≥ 1 and Γ = ∅, we argue as follows: Denote by A the Banach space of sections of
(u∗TM, u∗TL) of Sobolev class W k+1,p, p > 2, that vanish on the marked points
{z} up to order k. Denote by B the Banach space of J-antilinear 1-forms on Σ with
values in u∗TM of Sobolev class W k,p that vanish on the marked points {z} up to
order k − 1. Let I ⊂ TJI be the space of infinitesimal almost complex structures
that have support in a prescribed neighbourhood U of the image of the distinguished
injective points of u such that U is disjoint from u(z). Let F : A × I → B be the
operator given by F (ξ, Y ) = Duξ+Y (u)Tu◦ i. By the arguments of [6, Lemma 6.6]
and Carleman’s similarity principle the operator F is onto. Hence, U is a separable
Banach manifold.
To finish the proof one follows the arguments of Section 3.6 and Theorem 4.4. In
order to apply the Taubes trick one replaces the condition on the injective points
by the requirement: On any connected component of Σ \ Σ1/ν , where we denote
by Σ1/ν the set of points on Σ that have distance smaller than 1/ν to {z,x}, there
exists a point z0 such that
inf
z 6=z0
dist
(
u(z), u(z0)
)
dist(z, z0)
≥
1
ν
and the distance of u(z0) to the boundary of the perturbation domain is greater or
equal to 1/ν. 
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